Kramer's approach to the rate of the thermally activated escape from a metastable state is extended to field theory. Diffusion rate in the 1+1- A clear crossover from the semiclassical to the high temperature domain is observed. The temperature behaviour of the diffusion rate allows one to determine the kink mass which is found equal to the corresponding classical value. The Kramer's predictions for the dependence on viscosity are qualitatively valid in this multidimensional case. In the limit of vanishing friction the diffusion rate is shown to coincide with the one obtained from the direct measurements of the conventional classical real-time Green function at finite temperature. * On leave of absence from INR,
Introduction
Statistical systems with finite energy barriers separating different domains of the phase space may exhibit metastable states. Evaluation of the rate of escape from those states is an important dynamical problem. The simple example of a statistical system where one degree of freedom is exposed to the potential illustrated by Fig.1 was first considered by Kramers [1] . At temperatures :
where ω 0 is the scale of quantum fluctuations and E S is the barrier height, the classical thermodynamical fluctuations contribute to the escape rate Γ ∼ exp(−E S /T ) of the system initially localized in the well. Kramers [1] suggested to determine the escape rate by means of the classical Langevin equation:
η(t) η(0) = 2T γMδ(t) (1.3) where γ is a friction coefficient, introduced as an input parameter in this phenomenological description and M corresponds to the mass of the would be Brownian particle. γ determines how strong is the coupling of the system to the heat-bath, represented by the white noise η , and therefore how fast the system reaches equilibrium.
The normalization of the random force (1.3) (the Einstein relation) comes from the fluctuation-dissipation theorem. In the case of one degree of freedom the escape rate Γ(T, γ) has been obtained analytically [2] in the domain of very small γ and for moderate-to-large friction γ ≫ ω − , where ω − is the negative eigenmode of the fluctuations near the stationary point φ = φ s . In quantum field theory one often deals with an analogous problem of penetration through some energy barrier. One very important example is anomalous fermion (or axial charge) number violation in gauge theories with nontrivial structure of the ground state [3] . Here the static energy barrier separates different classical vacua with definite integer Chern-Simons numbers [4] . Penetration through this energy barrier leads to the dissipation of the fermionic number. The system at high temperature is expected to exhibit thermal activation behaviour of the rate of anomalous fermion number non-conservation [5] .
The problem specific for the field theory is that the energy barrier -analogue of U in Eq.(1.2) -is not known explicitly. This energy barrier is in the multidimensional configurational space. Only the static field configuration, corresponding to the top of that barrier is known from topological considerations [6] or explicitly in some models [7] .
In previous works [8] , [9] we suggested to follow Kramers in studying the energy barrier in field theory. In [9] we introduced microscopical classical Langevin equation
in real-time in the 1+1 dimensional Abelian-Higgs theory and observed the Brownian motion of the Chern-Simons variable between topologically distinct classical vacua.
Our measurements of the diffusion rate revealed its thermal activation dependence on the temperature in the domain (1.1). Although this approach is applicable in the interesting domain of high temperatures, where the semiclassical approximation is not valid, it was difficult to get data there, because it required rather big lattices.
Meanwhile, it was argued in [10] that our results were difficult to interpret, since they were based on the first-order Langevin equation, derived normally for large friction coefficients, while, in fact, γ = 1 had been used.
In the present paper we deal with a simpler model, the Sine-Gordon field theory in 1 + 1 dimensions, which allows one to obtain not only accurate quantitative results but also to check qualitative conclusions valid beyond this particular model. In fact, this model is very similar to the Abelian Higgs theory. On the classical level the SineGordon theory has an infinite number of degenerate vacua with finite energy barrier separating them. At nonzero temperatures one observes a random walk between those vacua. At temperatures (1.1) this random process goes through the formation of kinkantikink pairs, so the rate of the process (diffusion rate) is sensitive to the density of kinks. Previous studies of the density of kink gas as a function of temperature in the 1 + 1 dimensional scalar field theory with the double well potential revealed an intriguing fact : the thermal activation behaviour of the density of kinks n ∼ exp(−E ef f K /T ) involved an effective kink mass E ef f K which was found to be 20 ÷ 30% smaller than the classical value E cl K [8] , [10] . One source of uncertainties in measuring the density of kinks was the adhoc criterion used in counting the number of kinks in a given field configuration. This criterion was suggested in [13] . One advantage of the Sine-Gordon model is the possibility to avoid this criterion problem. The quantity we measure is very well defined: it is the diffusion parameter of the average field.
We measure the diffusion rate in the semiclassical domain (1.1) and beyond. The measurements allow us to extract the value of the kink mass E ef f K , which we find to coincide with the classical kink mass E cl K . We therefore conclude that the previously observed discrepancy was an artifact of the criterion used.
We also measure the viscosity dependence of the rate by means of the second order In the limit of vanishing friction we find a nonzero diffusion rate. Since in this 
Classical systems -for quantum theories
It is well known that the partition function of a D + 1-dimensional quantum field theory in the limit of high temperature may be obtained by means of the corresponding D-dimensional classical field theory. To see how this emerges consider, for instance, a scalar field theory in D + 1 -dimensions, defined by the action of the general form:
The partition function of the corresponding statistical system is given by functional integral with the following Matsubara action:
where β = 1/T is inverse temperature,h is Planck constant and periodic boundary conditions are imposed on the field in the imaginary time direction. Eq.(2.2) implies that in any of the limits :h
the static x 4 -independent field configurations dominate in the functional integral. If one ignores for a moment ultraviolet divergences and performs the limit (2.3) formally, the contribution of the static modes is determined by the action
This action does not mention Planck constant. The functional integral with the action (2.4) determines the partition function of the corresponding classical system.
To be more accurate, one should keep in mind that nonstatic modes do not decouple in the ultraviolet divergent diagrams, which means that the action (2.4) involves renormalized Largangian parameters -running coupling constants, normalized on the temperature. The renormalization effects are the memory about the quantum nature of the original theory (2.2). To obtain the effective action (2.4) is, in general, a separate problem [11] . In some simple cases in low dimensions the action (2.4) is simply a static Hamiltonian.
Let us see explicitly how the reduction takes place, for example, in the case of weak interaction (λ ≪ 1). The free energy of a gas of particles of mass m, corresponding to (2.1), in the one-loop approximation reads as:
where ω n = 2πnT, n = 0, ±1, ±2, ... are Matsubara frequencies,
V is D-dimensional volume. The temperature dependent part
becomes in the limit T ≫ m :
where n B is Bose distribution so that
where Ω = 2π D/2 /Γ(D/2) is a surface of the D -dimensional sphere [12] .
If we want to obtain the same expression by means of the effective theory (2.4) we have to perform the limit β → 0 in the integrand of Eq.(2.7), which gives divergent factor:
This divergent integral counts the number of degrees of freedom of the classical field theory (the Rayleigh-Jeans divergency). Thus the partition function of the classical field theory is something which needs to be defined. Regularization is necessary for this end.
The vacuum energy of the effective theory (2.4).
is determined by the regularised propagator
For the temperature dependent cut-off :
one recovers the result Eq.(2.8) with c determined by κ.
This simple exercise illustrates one general and important statement. The effective D -dimensional classical field theory (2.4), which serves for the calculation of the high temperature limit of the corresponding D+1 -dimensional quantum field theory, has a physical cut-off, given by Eq.(2.13). If we assume lattice regularization for the original theory (2.2), we conclude that the continuum limit is performed simultaneously with the limit (2.3). One should perform thermodynamical limit in the functional integral with the effective action(2.4), but not the continuum one. It is essential that the lattice spacing a −1 ∝ Λ here is the physical cut-off, unambiguously fixed by the temperature:
In this sense the original quantum field theory may be studied at high temperatures by simulating the classical functional integral with the regularized action (2.4) and a temperature dependent cutoff (2.14) [13] . As soon as nontrivial lattice spacing dependence is observed in a study of the classical systems at high temperatures the relation (2.14) is to be taken into account.
Kramers approach in field theory
We consider the Sine-Gordon model in 1 + 1 dimensions defined by the action:
On the classical level the theory has an infinite number of degenerate vacua with φ = 2πn, n = 0, ±1, ±2, .. . In the quantum theory the mass m determines the scale of quantum fluctuations and the self-coupling constant λ is bounded [14] : λ < 8π.
The well-known static solution to the classical equations of motion interpolating
arctan (e mx ) has energy
which is parametrically large, in the sense that λ is a parameter of the semiclassical may be rescaled to the one which has no free parameters:
The Sine-Gordon model provides one with a good opportunity to study thermal activation phenomena in field theory. The potential energy is completely bounded at infinity for the zero modeφ = 
In the case of free boundary conditions a configuration with a single kink may appear as a result of the thermal fluctuations. The kink's motion through space brings the system from the neighborhood of one classical vacuum to the vicinity of another vacuum. Therefore for free boundary conditions we expect:
Following Kramers, we describe evolution of some initial non-equilibrium state localized around one classical vacuum by solving the real time Langevin equations.
Let us discretize the system of size L = Na , where a is lattice spacing. The
Hamiltonian, corresponding to Eq.(3.3) is :
where D is dimensionality of space, D = 1 in our case. To generate a system with the density matrixρ = exp −H/T , one naturally employs the second order Langevin equations of the form:φ
which is a straightforward generalization of Eqs. 
The corresponding Langevin equations indeed do not contain the parameter of the semiclassical expansion λ explicitly:
where :
and we have discretized Langevin time by the amount of ε. Physical quantities are obtained in the limit ε → 0. Notice that the normalization of the white noise (3.17)
is different from that in [10] .
Eqns.(3.12)-(3.14) define the effective classical system we are going to simulate. It incorporates the lattice spacing a as an input parameter, determined in the underlying quantum theory by Eq.(2.14). The kinetic energy of the effective system (3.12)-(3.14)
averaged over the evolution (3.16) may be evaluated to check the effective temperature θ ef f :
One 
where θ = λT and ξ is a random variable with Gauss's distribution of variance 1. θ is the only parameter of the classical model (apart from the lattice spacing). To fix the physical temperature one needs to know λ. Since λ is a parameter of the semiclassical expansion according to Eqn.(3.3), it is fixed only in the underlying quantum theory.
The r.h.s of Eqn.(3.20) depends on the ratio ε/γ, not separately on ε and γ.
This implies a simple friction dependence of, say, the diffusion rate determined by means of the first-order Langevin equation: the diffusion rate must be inversely proportional to the friction coefficient Γ(T, γ) ∼ 1/γ. Thus within the first-order Langevin treatment the absolute value of the diffusion rate is fixed in a simple way by the friction coefficient γ, which is a dimensional quantity. The second-order Langevin equation, valid for arbitrary friction, predicts nontrivial friction dependence, which has been evaluated explicitly by Kramers [1] in the case of one degree of freedom coupled to the heat bath. In the limit of large γ that friction dependence of the escape rate, of course, reduces to the one we just derived from the first-order Langevin equation. The question we would like to clarify is how large the friction coefficient must be in the case of field theory to allow one to use the first-order Langevin equation
instead of the second-order one. Our numerical data proves to be helpful for this end.
Numerical simulations
We have solved the second-order Langevin equations (3.15-3.17) numerically for the system of size L = 50, a = 1. This volume is sufficient to accomodate a few kinks (which size is 1 in our units) at low temperatures. The diffusion parameter ∆(t) has been measured, defined following [9] as:
The system was observed over 5 · 10 7 to 2 · 10 8 iterations (i.e. a time t o ∼ 10 6 ).
The longer runs were necessary to reduce statistical errors at the lower temperatures where the diffusion rate is smaller. The time step was typically ε = 0.02 . The
Brownian motion ofφ has been unambiguously observed. Fig.2 demonstrates the diffusion at temperature T = 6 for 3 different values of the lattice spacing. The rate is obviously insensitive to the lattice spacing and the relatively large value a = 1 may be used to obtain physical results. Large values of a are preferable to save computer time.
Periodic as well as free boundary conditions were studied. In both cases we measured the diffusion rate in the range of temperatures θ ∼ = 1.33 ÷ 18. The semiclassical domain corresponds to θ ≪ 8 in accordance with (3.2). Fig.3 shows the temperature dependence of the diffusion rate on a logarithmic scale. In the case of free boundary conditions all the data points starting from T ∼ = 3 downwards lie on a straight line. This implies the expected thermal activation behaviour (3.5).
The slope of the straight line is seen to be 8, which is exactly the classical value of the kink mass (3.2). In the case of periodic boundary conditions, a somewhat more interesting phenomenon is observed: starting around T = 2 the slope of the straight line changes from 8 to 16 , which corresponds to the classical energy of a kink-antikink pair. This is again in accordance with the expectations (3.4) for periodic boundary conditions. The sensitivity to the boundary conditions appears in the lowest temperature domain. Fig.4 shows that at higher temperatures there is no dependence on the boundary conditions. The cross-over temperature below which the kink-antikink pair energy is observed in (3.4) depends on the system size L. The larger the volume L the smaller that crossover temperature.
The diffusion rate can also be measured in the high temperature domain θ ≥ 8 ,
where the semiclassical approximation is not valid. Our numerical results are shown on Fig.5 for both types of boundary conditions. The diffusion rate does not depend on the choice of boundary conditions as it is not associated with the production of kink-antikink pairs any more.
At high temperatures the Langevin equation (3.20) can be integrated explicitly, because the noise term, whose contribution is proportional to √ T , dominates over the regular force. Then the analytical predition for the rate is :
The numerical measurements are in perfect agreement with Eqn.(4.2).
The crossover temperature from the semiclassical to the high temperature domain is seen to be around T = 3. Perhaps surprisingly it is less than the kink energy (3.2).
To determine it more accurately we have measured the probability distribution of the We now turn to the dependence on the friction coefficient. The friction coefficient γ is a dimensional input parameter in the Langevin equation (3.19) . It determines the scale as it is seen, for instance, from formula (4.2), derived for large γ. Although the friction dependence of the escape rate has been obtained analytically in [1] in the case of one degree of freedom exposed to the heat bath, it is a less trivial task in the field theory. We have measured the friction dependence of the diffusion rate To verify this conjecture we first of all notice that the microcanonical simulations of classical systems in real time [13] naturally correspond to some fixed energy, not temperature. To obtain the time dependent Gibbs averages, one has to average the result of the microcanonical measurement over the initial field configuration with the Gibbs weight:
The problem here is that the value of the diffusion parameter ∆ at time t, obtained as a result of the Hamiltonian evolution, is a functional of the initial field configuration {ϕ 0 , p 0 } = {ϕ(t = 0), p(t = 0)}. This functional is not known explicitly. However, following the suggestion by J.Smit [18] we evaluate this functional numerically. This means that to measure the Gibbs averaged diffusion parameter directly we calculate numerically (ϕ(t) − ϕ(0)) 2 from the Hamiltonian evolution for a given starting configuration {ϕ 0 , p 0 }, then update this starting configuration by means of the Metropolis procedure, corresponding to some temperature T , then do microcanonical evolution again and so perform the Gibbs average.
In this way the diffusion parameter (4.3) has been measured. The function ∆(t)
is shown on Fig. 9 . One can see a crossover between two domains of time. At short times t ≤ O(10 2 ) the deterministic behaviour is observed ∆(t) ∼ t 2 , while at 
Comments on the errors
As mentioned above all the runs which results are presented were long enough to make statistical errors negligible. The two main sources of systematic errors are the finite lattice spacing a and the time step ε. The insensitivity to the lattice spacing was discussed before (see Fig. 2 ). Here we would like to address the artifacts of the discretization of the Langevin time.
It is known [19] that the finite time step in Langevin simulations makes the temperature of the simulated system T ef f larger than the input one T : ∆T ≡ T ef f −T ∼ O(ε). To check the effective temperature we measure the diffusion parameter at rather small times, as shown on Fig. 11 . The Brownian diffusion is clearly observed at short times, but it has nothing to do with the motion of the system between topologically different vacua. At short times the white noise always dominates over the regular force in the Langevin equation. Therefore the short time behaviour of ∆(t) is, in fact, controlled by the free Langevin equation, which immediately implies diffusion ofφ. This short time diffusion is already sensitive to the discretization effects. Its diffusion rate is given by T ef f , which has been measured numerically and is shown on Fig. 12 . One can see that the effective temperature of the simulated system follows the input one with fairly high accuracy. Since these measurements are obtained from very short runs, the computer time needed is quite small. So we have also checked that ∆T = cε, with c = 1.5 ± .5.
Another alternative to check the effective temperature of the simulated system is to measure the Langevin average of the canonical momentum squared over the whole run: < p 2 > = T ef f . This way is not easily generalizable for theories where there is a coupling between the canonical momenta and coordinates in the Hamiltonian, like in gauge theories.
Conclusions
The study of the Sine-Gordon field theory in 1+1-dimensions shows that the classical 
